Beam pipes of high-energy superconducting colliders require a shielding tube (liner) with pumping slots to screen cold chamber walls from synchrotron radiation. Pumping slots in the liner walls are required to keep high vacuum inside the beam pipe and provide for a long beam lifetime. As previously discussed [Fedotov and Gluckstern, Phys. Rev. E 54, 1930 (1996)], for a long narrow slot whose length may be comparable with the wavelength, the usual static approximation for the polarizability and susceptibility which enter into the impedance is a poor one. [l] Our objective is eventually to analyze and obtain numerical values for a rectangular slot of arbitrary dimensions. In this paper we present an analysis, based on a variational formulation, for the impedance of an annular cut in the inner conductor, including both the realistic coaxial structure of the beam-pipe and the effect of finite wavelength. For low frequencies, the numerical results are checked against analytical results, with which they agree.
INTRODUCTION
The solution is based on the method of field matching at the liner radius, including the discontinuity. We construct a variational form for the impedance, which is stationary with respect to arbitrary small variations of the field about its true value. The variational approach ensures very good accuracy for the impedance, since the error will be proportional to the square of the error in the chosen trial fields.
We assume the liner thickness to be negligible and call the region inside the inner conductor the "pipe region" and the region outside the inner conductor the "coaxial region". The technique consists of expanding fields in both regions into a complete set of functions. At the common interface the fields have to be matched, yielding equations for the expansion coefficients.
Since the driving current on axis is proportional to exp(-jkz), the problem is simplified by obtaining 211 (IC)
for an even driving current cos k z and an odd driving current -j sin k z separately and then taking their sum. We should note that the variational method becomes possible only when the problem is separated into an even and an odd part. In the even problem E, is even in z, while in the odd problem E, is odd in z (where z = 0 is chosen to be the center of the cut). We use the superscript (e) for the even part and the superscript (0) for the odd part.
GENERAL ANALYSIS
In the pipe region the fields are given by the source fields plus a general solution of the Maxwell equations for the cylindrical waveguide. 
. Note that we consider the inside and outside surfaces of the liner both to be at r = a, since we neglect the thickness of the liner compared to the wavelength. Therefore, the coefficient A(") (4) is the same for both r < a and r > a, since E?) is continuous at r = a within the hole and on both sides of the liner surface, where E?) = 0. The continuity of Hi") in the hole gives
where
with we now treat P(q) as a function of K a with nb = ( b / u ) n u and express this function as a sum over the zeros of the respective denominators. The resulting expression for K::), in Eq. (3), can then be integrated over q by means of the residue theorem. Using the definition of the impedance for the even part, we can rewrite Eq. (2) as 
ANALYTIC DERIVATION FOR LOW FREQUENCIES
In our particular case where the slot is a narrow annular cut, for low frequencies the leading non-vanishing term in the odd part is a factor of (g/a)2 less than the same term in the even part. To present the analytic result for a narrow annular cut it is therefore sufficient to consider only the even part of the impedance.
For small ka and g / a , using the static approximation for E,!, E,, we evaluate Eq. (6) analytically and obtain In this result we supressed the superscript (e), since the odd part of the impedance is negligible. Numerical study shows that [Cl + Cz] can be replaced by [ln(b/a -1) -1.781 for the range of b/u from 1 to 3.
NUMERICAL RESULTS AND DISCUSSION
The even part of the impedance is calculated using Eq. (6) and the odd part is calculated using Eq. (7). Finally, one sums together the even and the odd parts to obtain the coupling impedance. The general behavior of the real and imaginary parts with respect to frequency is presented in Figs. 1 and 2 .
For low frequencies we obtain the leading terms for the real and imaginary parts analytically, according to Eq. (9). The agreement between the analytic and numerical results is very good. As an example, results for b/u = 2 are presented in Table 1 . For other values of b/a, the analytic and numerical results are also in good agreement. The real part of the impedance in the limit of zero frequency becomes finite, and is equal to ln(b/a)/n, which agrees with the result obtained by Palumbo.
[2] Its physical origin is the energy radiated in the TEM mode in the coaxial region.
For low frequencies, the coupling impedance of the narrow annular cut can be easily presented in terms of an equivalent circuit. Specifically, for g << a, we can write for the admittance where R is given by Zoln(b/a)/7r, and C is given by 2a~o(C1+ C 2 + 2 ln(4a/g)), corresponding to the parallel combination of the resistance R and the capacitance C. In Figs. 3 and 4 we present the real and imaginary parts of the admittance Y as a function of ka. As one can see, the real part of the admittance is purely 1/R until ka = 2.405, the cutoff of the TMol mode. At this cutoff the singularity corresponds to the fact that power starts to dissipate not just in the coaxial region, but also in the pipe region. 
SUMMARY
The purpose of this paper is to present the analysis of the calculation of the coupling impedance of an annular cut in a coaxial liner of negligible wall thickness. We obtain equations for calculating the even and odd parts of the impedance, expressed in variational form. The use of the variational method makes numerical study fast and accurate. In order to check the developed technique, an analytic calculation is performed for low frequencies and compared with the numerical results. The agreement between the analytic and numerical results is very good. As previously mentioned, the present calculation is a first step in the development of an analysis for the coupling impedance of a rectangular slot with finite azimuthal length. 
